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METADATA

ARTIST

My name is Alana Boltwood, and as an artist, I call myself a “meta-geometer”. I create
pictures and things that are about geometry, about mathematics, about electronics. My art is
also about the shape of our society: politics, cultures and economics.

In the Intersectionality series, you will see glimpses of my original career as a statistician.
Now (when not in the art studio) I am a management consultant, specializing in public-

sector information management (see www.metimea.ca).

I live in Toronto, with roots in Ottawa and Vancouver. My training is largely from the
Toronto School of Art. I have exhibited paintings, collages and assemblages around the city,
and performed interventions at Toronto’s Nuit Blanche all-night art extravaganzas. Before
getting into the visual arts, my creative energies burst out in the kitchen, the pottery studio,
and the choir loft.

You can see more Of my art at www.meta—geometer.com.

EXHIBIT

The art exhibition entitled Intersectionality was shown at the opening night event for the
international conference Intersectionality Research, Policy and Practice: Influences,
Interrogations and Innovations, held at Simon Fraser University, April 24-26, 2014, in

Vancouver.

PERMISSIONS

The Intersectionality artworks, and the images in this catalogue, are copyright Metimea Inc.,
2010-2014.

Purchasers of this exhibit catalogue have permission to display the images and text in the
classroom, or in other ephemeral presentations for non-profit purposes.

Please inquire with alana@meta-geometer.com about permission to use this art on websites

or printed materials.
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INTERSECTIONALITY

INTRODUCTION

In grade school math, I learned about Venn diagrams and the intersection of sets. When I
learned to design databases, there were cross-references called intersection entities. And
when I delved into queer activism, everybody talked about intersectionalities with other

oppressed groups.

These disciplines use very different methods, but they share the term “intersection” with
mathematical set theory. Whether or not I understand those specialized languages, I can see
artistic compositions in their symbols, and their texts prompt free-association. Un-intended
new meanings can be found in the mash-up of academic concepts.

While marking and assembling these materials, I've explored my own confusion about being
privileged yet marginalized, in a state known as hybrid intersectionality. Identity politics
separates people into oversimplified binary categories that don’t explain my position in
society. Sometimes [ feel guilty for having a more successful career than most women,
regardless of my gender non-conformity. Sometimes I'm angry about the struggle to fit in
socially; I consider explanations ranging from my non-monogamy to my eczematous skin.
This mid-life crisis project took me right back to childhood, when the analysis was simply:
I’'m different.

The intersectionality theory leads us to recognize that individuals are unique, but they can
form coalitions in the struggle against oppression. Maybe I became a statistician, survey
researcher and definition-writer to do the complex analyses required to prepare us for that
struggle. Or maybe I just enjoy the beauty of language and of mathematics.

But data analysis cannot express my feelings — delighted or distraught. And so, I have made
art about math and marginalization, statistics and skin, categorization and conformity, power
and truth.
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INTERSECTION OF CONTENTS

This collage was the work that began the Intersectionality series.

Diagrams of intersecting sets are suggested by the stripes of text, taken from the Tables of
Contents of two works: Kunen’s mathematical set theory textbook' alternating with

Ehrenreich’s law-journal article about intersectionality®.

The multi-coloured background is “skin tissue” alluding to the rainbow of diversity. Each
dot in the background symbolizes a person, who may be a member of zero, one or more sets.
The pointy ovals block our view of the people in society’s intersections.

This perforated metal disc used to outline these
circles, and imprint dots on the pointy ovals, has

somehow been used to make every other piece in

the series.

! Kunen, Kenneth, Sez Theory: An Introduction to Independence Proofs (North Holland -
Elsevier Science Publishers, 1980).

? Ehrenreich, Nancy, “Subordination and symbiosis: mechanisms of mutual support
between subordinating systems,” UMCK Law Review 71(2003):2.
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Intersection of Contents, 18”x14”, acrylic & paper on canvas, 2010
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HYBRID INTERSECTIONALITY
(SELF-PORTRAIT)

This painting illustrates the concept of hybrid intersectionality?, in which a person or group

is both privileged and oppressed.

The red, white and blue stripes represent my privilege of speaking English and being a
Canadian of British and French extraction.

The intersecting coloured circles represent my more oppressed group identities. Women
today are assigned a feminine pink. The purple, pink, blue and black colours are found in
various queer symbols. The green alludes to environmentalism and paganism.

The background texture from Intersection of Contents reappears, but with brighter reds. This
mottled “skin” is now more personal; something as apolitical as a red skin rash can be cause

for oppression.

This painting became the cover image on an anthology:

Chdvez, K.R. and C.L. Griffin (eds), Standing in the
Intersection: Feminist Voices, Feminist Practices in
Communication Studies (SUNY Press, 2012).

standing in the intersection

karma r. chavez and cindy . griffin
marsha houston

3 Ehrenreich, 2003.
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Hybrid Intersectionality (Self Portrait), 18”x14”, acrylic & paper on canvas, 2011.
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SIX SET VENN DIAGRAM

This painting illustrates a Venn diagram4 designed by A.W.F. Edwards to show all the

possible intersections of six sets. The design was for a stained-glass window in memory of
John Venn.

(Today the term “Venn diagram” is commonly applied to any diagram of intersecting sets,
but if only some of the possible logical relations are shown, “Euler diagram” is the correct
term.)

We can see herein the difficulty of illustrating the intersection of many oppressed groups.
The more oppressions apply to a person, the harder it is to see them when looking at the
whole society. This is not just metaphorical: random sampling often can’t find a
statistically-valid sample of people in the rarer intersections, so how do you publish a credible
study?

* Wikipedia contributors, “Venn Diagram,” Wikipedia, The Free Encyclopedia,
http://en.wikipedia.org/wiki/Venn_diagram (accessed March 30, 2014).
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Six Set Venn Diagram, 18”x14”, acrylic on canvas, 2013
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HoOW DISABILITY AFFECTS
FRIENDSHIP BETWEEN WOMEN

The six-set Venn diagram reappears, to frame collaged text that summarizes an article’ about
the intersection between womanhood and dis/ability.

A selection of the text:

...the women’s movement and
the disability rights movement,
with their parallel affirmations of
the value of our bodies.

...making friends with women who are “different”
has been a logical outcome of
the larger political commitment.
Sometimes it also has been a test of political virtue,

or a testimony to one’s activist commitment.

...the injustice her friend suffers as a disabled person
reminds her (the non-disabled one) of
all the unfairness and deprivation people suffer —
including her own.

Disabled women: Sexism without the pedestal

> Fisher, Berenice and Roberta Galler, “Friendship and fairness: How disability affects
friendship between women”, in Women with Disabilities, ed. Michelle Fine and Adrienne
Asch (Temple University Press, 1988), 172-194.
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How Disability Affects Friendship Between Women, 18”x14”, acrylic & paper on canvas, 2013
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CHANGE CAN COME THROUGH
INSIDER RESISTANCE

The title and text of this painting are adapted from this quotation of a sociology textbook®
about Collins’ Black feminist thought’:

In this domain, change can come through insider resistance.
Collins uses the analogy of an egg.
From a distance,
the surface of the egg looks smooth and seamless.
But upon closer inspection,
the egg is revealed to be riddled with cracks.
For those interested in social justice,
working in a bureaucracy is like working the cracks,
finding spaces and fissures to work and expand.
Again, change is slow and incremental.

My experience working in the public sector confirms that bureaucratic change is slow and

incremental.

My experience as an activist is that changing the policies of government, or large businesses,
can also be done by thinking like an insider: Finding fissures where a little policy change will
make a big difference, and pushing (in gentle but firm bureaucratic language) to open up
that crack.

¢ Allan, Kenneth D., “Chapter 16 Web Byte-Patricia Hill Collins”, online supplement to
Contemporary Social and Sociological Theory: Visualizing Social Worlds (Sage Publications,
2013), accessed March 30, 2014, http://www.sagepub.com/upm-

data/13299 Chapter 16 Web Byte Patricia Hill Collins.pdf

7 Collins, Patricia Hill, Black feminist thought: Knowledge, consciousness, and the politics of
empowerment (Routledge, 2000), 2 edition.
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Change Can Come Through Insider Resistance, 18”x14”, acrylic & gesso on canvas, 2013
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FEMINIST COMPLEXITY THEORY

This collage of Japanese papers is marked with quotes from an article by Gottfried® about the
intersectional oppression of women who migrate to Japan to do reproductive labour
(nannies, maids, etc.)

The limitation of most intersectionality scholarship to a United States or Western focus leads
Gottfried to discuss sociological methods for understanding the full complexity of gender,
class, race and nation.

To model the intersection of those and more dimensions of privilege/oppression, it is also
plausible to use mathematical approaches, ranging from multivariate statistics, to
computational complexity theory (represented by the cluster of lines in the centre).

A selection of the quotations on the collage (some of which are abbreviated, and some of
which are from work of other authors (Acker, Lenz, McCall, and Mohanty, as cited by
Gottfried):

Feminist theories of intersectionality
need to pay more attention to intra-categorical differences
as well as inter-categorical relationships

There were no ungendered class relations

and no gender without class dimensions

Transmigrants, transcultural or trans-desiring/queer persons —
the ‘trans’ perspective become more important,
but it cannot be integrated into the
concept of essentialized homogenous groups

Complexity of social relationships between social inequalities
cannot be studied as if contained within national borders

¥ Gottfried, Heidi, “Reflections on Intersectionality: Gender, Class, Race and Nation,” v
VB =58 (Journal of Gender Studies, Ochanomizu University), 11(2008):23-40,
accessed March 30, 2014,

http://www.igs.ocha.ac.jp/igs/IGS publication/journal/11/jenda 2 heidi.pdf
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Feminist Complexity Theory, 18”x14”, paper, ink & acrylic on canvas, 2013
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MARGINALIA

This collage is made from marginalia by an anonymous reader, on a copy of Disposable
Domestics’ found in a used bookstore in San Francisco’s Mission District.

The reader noted that one of the most salient points in the text is:

...efforts were made to direct black women
to these same homes as domestic workers.
The overall result was to create altogether separate
standards and conditions under which
women of color and white women had to mother...

To reflect on this work about labour, I turned to micro-economics'. The total product of
labour is the basis for graphing the variable cost curve, as illustrated in the collage. The slope
of this curve (mathematically, its derivative) is the marginal cost, so I annotated it with
sloped strips of marginalia.

? Chang, Grace, Disposable domestics: immigrant women workers in the global economy (South
End Press, 2000).

10 Rosenman, Robert. “From Production to Cost”, notes for Intermediate Microeconomics
301 at Washington State University, accessed March 29, 2014.
http://faculty.ses.wsu.edu/rosenman/dist301/costs2.htm
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Marginalia,18”x14”, acrylic & paper on canvas, 2014
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BINARIES

Ehrenreich'! writes that “Each identity gains meaning through its contrast with other
identities.”

Inside electronic'? devices, all information is reduced to the binary system of zeros and ones.
People have to be categorized and labelled for computers to understand them.

In our glamourously'® automated world, how can we break free of the assumption that
everyone is either male or female? How do we trouble'* the digital gender binary?

' Ehrenreich, 2003.

12 Green elements are from editorial and advertising in EDN: The Design Magazine of the
Electronics Industry, October 17, 2002, September 25, 2003 and July 24, 2003.

19 Pink and red elements are from editorial and advertising in Glamour, October 2013.

" Butler, Judith. Gender Trouble: Feminism and the Subversion of Identity (Routledge,
1990).
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Binaries,18”x14”, acrylic & paper on canvas, 2014
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AXES OF POWER

This painting uses political and statistical symbols to explore the artist’s personal questions: Why do I enjoy privilege and
success in this capitalist democracy, somehow escaping the typical oppressions of gender-variant women and bisexual people?
Why do I encounter social marginalization that can’t be explained by being in some identity group?

The dark-coloured background symbolizes various political economies: royalty, democracy, militarism, capitalism, industrialism,
agricultural feudalism, hippie communes, communist totalitarianism, violent chaos, unorganized subsistence. The horizontal
black axis indicates the amount of group control while the vertical black axis indicates the amount of individual freedom.

The light-coloured foreground is a graph (suggesting a statistical factor-analysis" plot) of people within those societies: what
factors determine whether an individual is influential or insignificant?

The near-horizontal white line shows the trend that many individuals are privileged or oppressed according to the power of the
demographic and identity groups that the individual belongs to.

The white line at a 45-degree angle shows another cluster of people: those who succeed or fail according to their own capabilities
and efforts, regardless of their demographics. Some people are affected by a combination of the demographic and individual
factors, so they float away from ecither cluster.

There is a quotation by Michel Feher'®, from an art-theory book, collaged into the painting:

Defining them as audiences strictly in terms of gender, ethnicity or region
is precisely the conceptual problem.
In fact the artificial definition of communities that are divided among themselves
is the conceptual disease of the whole left post-modernist moment.

> Johnson, Richard A, Applied Multivariate Statistical Analysis (Prentice-Hall, 1988).
16 Foster, Hal, ed., Discussions in Contemporary Culture, No. 1 (Dia Art Foundation, 1987), 166.

Intersectionality - Page 21



\ ..~\.":~<

Axes of Power, 56”x72”, acrylic & paper on canvas, 2013
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EHRENREICH MONOPRINTS

Each of these uniquely made prints illustrates a concept from Ehrenreich’s article', as specified by the print’s tide. Irregular
loops are indented in the paper to represent the irregularly-bounded sets of people with shared interests.

Each image includes set-theory terminology'® in mirror-image, selected through an obscure thought process inspired by
Ehrenreich’s concepts, rather than by mathematical meaning,.

Exclusion is inked in a magenta reminiscent of gay culture. The spotted imprint is the blue used for wheelchair symbols.
The set theory phrase is “forcing with finite partial functions”.

Battle of Oppressions uses the green and grey of military uniforms, and blood red from the battlefield. The set theory
phrase is “relativization”.

Reinforced Subordination is inked in a light brown skin tone of racialized people, with an imprint of the gay magenta.
The set theory phrase is “reflection theorems”.

Zero-Sum Problem is inked in the wheelchair-symbol blue, with a balance inked in dollar-bill green. The set theory
phrase is “embeddings, isomorphisms”.

Divide & Congquer is inked in feminine pink, and imprinted with a dark brown skin tone. The set theory phrase is
“classes and recursion”.

Infinite Regress is inked in all the above colours to symbolize all the identity groups. The set theory phrase is “almost
disjoint & quasi-disjoint sets”.

7 Ehrenreich, 2003.
18 Kunen, 1980.
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Exclusion, 11”x14”, ink on paper, 2010
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Battle of Oppressions, 11°x14”, ink on paper, 2010
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Reinforced Subordination, 11°x14”, ink on paper, 2010
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Zero-Sum Problem, 11”x14”, ink on paper, 2010
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Divide and Conquer, 11°x14”, ink on paper, 2010
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Infinite Regress, 11°x14”, ink on paper, 2010
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EQUATION MONOPRINTS

Each of these uniquely made prints illustrates its title: an equation or concept from a set-theory textbook'. The limited red and

black palette recalls single-colour printing, once common in math textbooks.

Each mathematical concept is mirrored by a related phrase from Ehrenreich®.

Print title, from Stupecki & Borkowski Ehrenreich quotation

False formula

the impurity argument is logically flawed

Definition of the identity of individuals

Identity analysis has missed a piece of the puzzle

Infinite operations

Vectors of group identification

Set and complement

Exclusion works against the interests of the very group doing it...
Rendering invisible some members of that identity group

Every set of individuals is a subset of the

universal set

the proliferation of identity critiques

Relative product

two subordinated statuses are interacting

1 Stupecki, J. and L. Borkowski, Elements of Mathematical Logic and Set Theory (Pergamon Press (Polish Scientific Publishers),

1967).
20 Ehrenreich, 2003.
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False Formula, 117x14”, ink on paper, 2012
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Definition of the identity of individuals, 11”x14”, ink on paper, 2012
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Infinite Operations, 11°x14”, ink on paper, 2012
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Set and Complement, 11”x14”, ink on paper, 2012
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Every set of individuals is a subset of the universal set, 11°x14”, ink on paper, 2012
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Relative Product, 11°x14”, ink on paper, 2012
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MATHEMATICAL LOGIC IN CATHOLIC NORTH AMERICA

To respond to the language of mathematics, I altered a book of conference papers®' to become Mathematical Logic in Catholic

North America. This mid-life crisis project was done in residency at Artscape Gibraltar Point, isolated in winter on the Toronto
Islands.

The unrenovated school building, and the book’s typography, brought back memories of growing up in the 1970s and 1980s in
an intellectual family. (My father Paul Boltwood contributed the Dymo tape labels on the cover.)

On the book’s pages I have written and drawn my distraught and delighted feelings about math, statistics, information
management, class, gender, sexual orientation, conformity, religion, and truth.

The term “intersection entity” is used in the database design field, so I have drawn some entity-relationship models, such as page
33 (shown below). Other references include a mention of polynormativity?? and collaged excerpts of art theory®.

The milk crate book shelf evokes the graduate student life I never led.

! Arruda, AL et al, editors, Mathematical Logic in Latin America, proceedings of the 4th Latin-American Symposium on
Mathematical Logic, 1978 (North Holland Publishing, 1980).

** Zanin, Andrea. “The problem with polynormativity”, posted 2013-01-24 on Sex Geek: thoughts on sex and life (blog), accessed
March 30, 2014. htep://sexgeek.wordpress.com/2013/01/24/theproblemwithpolynormativity/

23 Foster, 1987.
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Mathematical Logic in Catholic North
America, altered book, 2013.

228 pages altered with marker and
watercolour pencil, and Dymo tape on the

hard cover.

Installed in a 13”x13”x11” milk crate with

related books and documents.

Images of selected pages follow.
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PROGRAM OF THE SYMPOSIUM

U. Felgner, (West Germany), The Model Theory of FC-Groups, Defin-
ability and Undecidability.

E.G.K. L&pez-Escobar, (U.S.A.), Tauth-value Semantics for Intuit-
ondstic Logice.

A.l1. Arruda, (Brazil), On Paraconsistent Set Theonry.

W. Reinhardt, (U.S.A.), Satisfaction Definition and Axioms of In-
§inity in a Theory of Properties with Necessity Operaton.

J. Bosch, (Argentina), Toward a Concept of Scientific Theory
Through Special Relativity.

0. Chateaubriand, (Brazil), An Examination of Godel's Philosophy
Mathematics.

E.H. Alves, (Brazil), Some Remarks on the Legic of Vagueness.

M. Corrada, (Chile), A Foanmalization of the Impredicative Theory
04 Classes Using Zermelo's Aussonderungsaxiom Without Parameters.

R. Vaught, (U.S.A.), Model Theory and Admiss<bfe Sets.
M. Benda, (U.S.A.), On Powerful Axioms of Induction.

L.F. Cabrera, (Chile), Universal Sets gor Selfdual Classes of Bo-
nel Sets.

H.P. Sankappanavar, (Brazil), A Characterization of Prineipal
Congruences of De Morgan Algebras and its Applications.

C.C. Pinter, (U.S.A.), Topological Duality Theory in Algebraic
Log<ce.

L. Flores, (Chile), Hempel's Nomological Deductive Modef.
M. Manson, (Chile), Deontic, Many-valued and Noxmative Logics.

X. Caicedo, (Colombia), Back-and-gorth Systems for Axbitrary Quan-
Ligdiens.

J. Malitz, (U.S.A.), Compact Fragments of Higher Oxder Logic.
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Mathematical Logic in Catholic North America, altered book, 2013, pp. x-xi.
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" o . ’ -
> o
42 - - (u, F, RJA), where @Ws a class of elementary events, F j&MNlass of theoret-
DEFINITION 7 A theonetical physical frame is an ordere.d‘tﬁp'le (Pos Pys ical phyflical frandMfin the sensps@?BeYinitiogh7a, R and AR *functions whose
P,) of distinct elementary events: the first one, Pg» is the origin; the second domainsfeoincide F, such#at the foJlowing axioms pfld:
Pis i : H s : 2 o - :
one, Py is the Zime unit event; and the third one PZ' is ‘; dpace unit event ( Tre in ESR(F) i o iomed Pir ol au‘u&wn&'“ CF’ with xe-
The concept of a theoretical physical frame will be aghi iterpretation {n {q 3 Bat-L4 ao,'amz a e Jfthe sense of Defi-
princdple of the theoretical term indexed frame of step ) 1 be in turn f% 'f, v etk oy e ) o . f o
a theoretical term with respect to further steps. A [ b : ; g Ty
( For\evelly F & F, A(F) is a suahl 0f affine pefhdinates fon Uzaidfe?, A(F)
The next point will be to establish "theoretical g geoordinates” with re~ (s (tse an (e ; w AL P of U an ordagesl pain
spect to a theoretical physical frame. Itjturns out e possibility of 0f real niwQerd U A e
attaching this kind of coordinates is jusgfthe propgl distinguishes real 2 %"‘/ 5 b2
physical grames from virtual ones. This % J§ted with real objects (02797 LW g, Pz) inFnd gon P, Q n u:
or, more generally, with causal phenomengd. £ B Pecause the possibili
of attaching coordinates depends in turn on Ly of defining " physica =.2.(0), R % (Q),
simultaneity" and "physical co-spatial physical spatial posi- By F F
tion"). For the sake of briefness I i Sco-spatiality" in analogy
with "simultaneity". But to have repli notions of simultan eity 2:(Py) = x ) = 4 (P) = x(P) =@
and co-spatiality is a gift of God if one is attached to a
real (or causal) object. As a th e is an almost instantane-
ous entity consisting only in threi y events, it seems conve- Now I ss congfpt of esghtation.
nient to employ the term "real-1i

DEFINITION 10.- f 2=(u, F, R, A) is a PF and if W = (E, B) is an EM,
an embedding of Z into @ 1in symbols Z - W@, is a function §:U = E which pre-
serves the relevant structures, in the following sense:

(¢) The cfnonical expansion of § o F is an injective function §°:F = K
(see remarks f@llowing Definition 6: meaning of K).

ach F 4in F, the coordinates of
cofneide with the coondinates of

DEFINITION 8.- A xeal-
physical frame F with respect.
of physical simubtaneity and
and Cp respectively, such

(<) Sp and Cp are
ementary events.
(é4) Each equivalence’
@ set of at most one

i s
P, C. P, and P,'S.P,. sical may be non
‘q'j" Fy Ofk o 3 )(z).' 6) is valtd, alfreal-1ike  cfgoretical
< | hysiceT frames F (belonging to F) are such that thefftime axis of ghffir corre-
éﬁle (Fg» Py, Pp) may be a real-like physical SpoRding frames in (w are well defined, and conteouen y ve may sgedlfos the time
iere is not an actual physical (material o axiy (and the space axis) of a real-like theoreticd lysical frame {hally, .
ty of being a real-like theoretical physical obsegve that the notion of schema of uniform motion“Pan be 4 via the
hthitive (modal) idea that .it should be possible embedding 4, and it results in an invariant cog b ePglas <
O/such a frame. Obviously, theoretical physi= in 23
cal frames attd ic 1 supports (for example, to a given system of
measuring instrur al-like. S 8
& . .
.o'{'lows: there is a distinguished class of theo= o N\
sfy Definition 8. In this sense, " real-like §3. \STEP 111 : EMPIRSCAL INTERPR o >

theoretical term of step Il with respect to sub=

R
s thated 105 2 is

/1p turn an interpretation .in prineiple of the theo= From an pirical point ok view, a DbatPol
f step I: this is given below in Definition 10. e oa, S Can o o prydcist does is not to
perform a global T@ GRGaERInatTe i of unife 0 egfpblish the actual
Ve assume, also from a thégretical point of view, that each real-like theoret= empirical conditions in which a tas®shofld bg . * ThefsRecification of such
ical physical frame allows us to take coordinates in a well defined way. A1l this conditions constitufes, yhat 71 an enPiric; egpretatiof. \This is formally

is summarized in the following definition: oiven 1n definieees 4 nd 14 beloy.
' -

DEFINITION 12.- An experimentdt 4rg

Qordered
)

DEFINITION 9.- A physicat framewonk, briefly a PF, is an ordered quadruple

.
-
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“shown that proofs in

\Zheory can be normalised inaparticular
At the 'same time the weak consistency result,
that certain ms without normal forms are not prov-
able, results. V' It is then possible to show that the
false proposition ZHI is not provab ing & pormals "
ised proof. As negation (I) i
this proves that for no tec
provable. "

In this pa

Bunder 197+ b Zni
binatory 1 5
the same tife the

are nt:t prdyable,- Fesyls
E s not'provatle us
Ax (x3 n%ﬂi’t"ﬂa

SYST

We sl ;"i;d +iom"
axioms of Bunder 197+b-
set, powej',s‘;f:"nﬁ:l&
most of the. extra axioms;,
lead to col §
sistency
o,

Lot

- The offhy. i
fom of infifity n. 5
form "A term has' o
form is known . und
s :

(1) The autho{?.mh;"
various parts o_B £t
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THE HIGHER ORDER PREDICATE CALCULUS. We list the axioms used inBunder

DTP' 14 A3|-x and A4|-v then A
197+b and 197+c in an altered, but equivalent form:

and we require:

3V, FXDY.

Rule Eq. T4 X =Y and A + X then AI-V.»

0 ;
Rule P. 1§ A  F XDV and A, X then LEMMA 1. DTP” and DTP' are equivalent.

rutes®. 16 A Fzw ad 4,

DTP. 1§ A XFY and A, F HX then
DTE. 1§ A, UT F VT where T 48 an indete

F UT  then

PROOF.  Assume DT?O; A3 - X and A4 F ¥, then clearly also Ad' XkY
and so ABUAQ | 1o 24

Assume DTP'; Al’ X Y and Az F X, then also AIUA Y where the

- Yo &y thek A ERXS ZtessAuse: ‘)lln dsrivlng Yy from A1 and X are applied to AIU Az F X to give
1 2 8
A, FHX A, FXDHY
PH 1§ 1" and 2 k then Also we need the notion of the “height" of an element U in U » which we de-
y 1§ A v FUHX then & FH(ZIX). fine as follows:

A and H (or I) have height 1.
where 4, A1 and Az represent sets

of (a subset of)
U= {A, H,FAA,F A, FH

If u1 has height m, u2 has height n and n>m, then Fuluz and FuU

U
have height n+1. ¢l

We now prove the first lemma connecting DTZ+Z and DTP+P sequences and
terms without normal form in a proof. Note that we will assume that no proof con-

(Various supgets tains a step, other than the last, which is not used subsequently.

Bunder 19743

e cal¥®E X OV in a use of Rule P as above themajorp ‘ ‘

a use of Rule = as above, the major premis for that rule. LEMMA 2. In aﬂflazwog_rmt’-d dh Rules Eq,=,P, OTEZ, DTH, H, =H, and PH,
we can e xemove E+Z apd DTP+P sequences or we reduce the proo
{0 one gontainding @ step A » T, ich has no DTE+Z on DRP+P uquancup;fce-‘
ceding and {n which T has no nbrmal §orm.

<

3 the consistency proof involves showing a connection be
fapplications of Rule P or Rule = to a major premis obtained b
@ in a proof m(these we will call DTP+P or DTZ+E sequences) ani

he presence of terms without normal forms in a proof. We will be able to pro

that no theorem |- T can have a term without a normal form “’in its proof ant
®t any OT=+Z and DTP+P sequences in its proof can be eliminated.

. NI ~
PROOF. We will konsider the first DT+Z lor DTP+P sequence in a pi

If the first such sequence is DTP+P part of the proof takes the form:

In part of this work we use a simpler version of the system we described, o
where we identify 1 and H . When we do this Rules Eq, P and = are unaffec
(although U 1is changed), Rules H, PH and =H become instances of RuleEqa
and DTP becomes: A

oTP® Tg A, XV and A, kX then 8,08, FXDV.

In what follows however we use instead

(2) This is a restricted version of the usual Rule Z.

(3) We allow the possibility of Eq steps after DTZ and before Rule . In genera
throughout the paper, when we refer to the next, previous, first or last step
in (part of) a proof we mean the next, previous, first or last non-Eq step. R = T ——————

(4) By "X has no normal form” we mean that 'there is no term ¥ in normal form
to X'. Clearly using DTZ and £q we can prove FZA(B(CKY)A) for a ¥ witl
out normal form, but B (CKV)A=A .

|
f

\ |
1
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100 XAVIER CAICEDO BACK-AND-FORTH SYSTEMS 101

of type (w,<) for which ug < ... <ufy implies (“1' oy )E[B']- Let §: L+
be a one to one order preserving function and define = ((u, §(u)) Fue L} with
the order (“l' s(u1 < (“2' 6(“2)) iff uy <u, iff ‘(“1) < 5(«2). f

(uge §(a)) < oo < (ay §luy)) then (uyeees )€ (B15  and
(§(uy)senns flu,))E IB’IE. which proves  ((uy, §(uy))s...(u,, §(u,))e IL*G'lg
and shows (5) again. With this we finish the proof that i

ol ﬂ%?ﬁ»mmbb,

Now ap‘ 1y Theorem 5.1
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106 ROLANDO CHUAQUI
N2
2) If there is a urique invariant measure u on %

simple probability structure, M, we may be able to
directly using 2.2 and the probability structure Mody

-invariant measure

3) I would like
ple probability struc
cases which I have co
measure. 1 have not be
scribed and the measure

truct a mode] to givelan decount of classical statisti=
lgsting and estimation, These methods are described {n

epetitions of the same exper:
ed as follows:

c model is constituted
ability structure is ob

In this case, the b
iment. The compound p

Let K be the set of outcomes of a probability 'structure. This K represent
the experiment which is repeated. Each repetition is indexed by an element of
infinite set T. Since there is no causal connection between the repetitions of
the same experiment, no relation is assumed between the elements of T. We al
could say that we have the causal structure (T,<) with Z the identity relatio
(¢ <t'may be interpreted as: what happens at ¢ influences what happens at 2',)

Our compound probability structure is, then, Tk (i.e. TK is the set of com
pound outcomes), 1 assume that there is a symmetry relation K between subsets
K which represents invariance under the natural laws of the phenomenon (see Chua =
qui 1977, Sections 1,3). I shall define a new equivalence relation " which se
the same purpose for TK: ~ will be based on "y and the automorphisms of (T,=
(i.e. the permutations of T). Then, we can obtain a ~ - invariant measure ur on
subsets of 'K, if there is a v -invariant measure u on subsets of K, )

T

For AC 'K and ¢t €T, let A, = {4(2): §€A},

If A, B ETK, we define,
A~ B iff there is a permutation of T, h, such that for all £ we have
Ae K Buie).

As in the case of simple probability structures, events will be sentences ( or
rather elements of the Lindenbaum algebra) of an appropriate language. Then, we

FOUNDATIONS OF STATISTICAL METHODS 107

detine for sentences ¢, ¥ of this language ¢ 'v.rxw by ModTK((b)«.ModTK(\b).

and P (¢)=u (Mod- (6)). 1In the language that we need, it should be possible
TK T K

to talk about sequences of simple outcomes (i.e. of elements of K ). Let L be the

language for K. We call Lgthe language for Tk that we shall introduce.

For each F € 'K , we shall define a relational structure o, and satisfac-
tion for formulas of Lsin GLF. Then, we shall say that F satisfies ¢, if “’F
satisfies ¢.

=(T, *)’ e sL' ere SLis the set of sentences of L

language L, has the logical symbol fand variables for ! plus the indi-
S wyw

vidugl constant 0 (wh st zerp), ! unary
operation S (for succesn.)'.' and the binary. than) . non-
logigi]\constarits we have the of L.

An assignment fi is a natural num-
bers. For.each sequenc 4 la yof Lgwe
define aFF LV (read § satisfies¢ in (af' x)) by recursion as follows.

In the first place, for each termt , we extend § tort:
g (0)=0
g (s1) =4 () +1

lauses as usual;

(iv) if ¥=3v8, then

% F VL4l if there isann€w such thatllr" YLl :)I. where

ilx) is the assignment which coincides with § in every variable except (possi-
>ly) v where it assigns n.

For each one-one x € “T, and sentence yof L,
bodr (W= (Frotk, 0.

x
As for simple Brobabﬂity structures, we define
Wx s - ;

K, x K, x K, x
The o-field A, of subsets of Ty where the measure should be defined is that
generated by these sets Mod,. (¥) .

A measure on this o-field 'lr invariant under '}'K is the product measure iy of
the measure y defined on the o - field M generated by the sets Mody (8)

for ¢ a sentence of L,and invariant under g We then define Py 2 W=
’
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110 ROLANDO CHUAQUI

(ii) For every O € A, D Bt we have
0
Ala) ~ K B (m.
(iii) For every & e A, - Bt we have
A@ g Ka.
(iv) For every Z e B, - At we have
@ 0 0
B(a) Ko
«KUL

It is easy to see that ~ is an equivalence relation between subsets of H,

We now have to obtain an ~ - invariant measure y on subsets of id.
then u (A) is defined by

u(A) = I
A

%

For B to be u - measurable, it must belong to the- o~f1eid"pf subsets of H gen

Let ACH

a(A(a)) d g

e, y
erated by the sets A CH such tha 4-310 mecsurghle and he functio
h : Ato = [0,1] defined by ies

h(a) = u , (Al00)), L ) {

is g - integrable.
The measure u is clearly » - {
Let us now see which are the

Events will also be, in this case, 5

sets of @for which we wish uito be defi {
tence language, Let Ljbe the langu
for l% and the Ky's. §

i
¢ ¢€

¢ . . x
Statistics

{
where S is the set of sentences of ! 3

Rge Gt €T andffldie o) o

For each § € Hwe define the s
az‘ w G R,

Our language Ly will contain the Usual logical symbols (in Lo
the binary predicate <, and a unary predicate & for each L - sentence .
sentence ¥ in Ly ve define

Modyy (¥) = (§ ¢ 0!‘ L) B8

The o- field M, will be that generated by sets of the form Mod (V). I do
know, however, whether all sets in My will be p- measurable, If these sets are
- measurable, Bzyes theorem is easily derivable using conditional probability
defined in Section 1.,

§ € Hand

Most uses of Bayesian methods can be justified on the basis of this model
Again, I shall illustrate this by an example. In this case, the example is tak
from applications to medical diagnosis (see Lusted 1968). We assume that a do¢
faces a patient who has one of the diseases &, ..., f:'n_1 and presents sympti

FOUNDATIONS OF ﬁTUlSTICAL METHODS 111

S! He wants to know what is the probabni% the patient's having Ei' i.e.
PIENS ) for £ < n.

Ko is the clas structures of the form 0¢0 -(P,'Eo..... A 1.0) where P is

the set 1
subset of n
part of K} is (P, EO ""En-l)
tures (P, 0) ,

E‘. is the subset of P with disease 54‘ and 0 is a

P (i.e. the patient who faces the doctor), The constant
and the variable part is constituted by the struc
ures ( EL

For 0CE, , Kao"“ the stryg 30.---. .1 0 where

E’» is the subset of E that contains
symptoms S FS R subset of one e

e Ei and presenting
has

constant part (EL., Sgreens Em-l ) and variable parts (E::' QLTS

In order to have just one language L for Koand each Ka we expand the strjf-
tures adding empty relations. 0 S

In this language L , to say that the patient has disease EL » we cfn use
3x (E‘.(xl A 0(x)),

where E; and 0 are the predicates whi e n s,"‘l'he patient has
disease Ei and symptoms S. " is translpted by 3x(E£(x)A0(x)l A ax(Sjlx) A 0'(x]),

Ky is a simple probability structpe for the choosing of a sample of one ele-
ment from a population (see Chuaqui 1977, Section 6, Example 1). Similarly for
Kac. Thus, we have probability measures Ho for Ko and 15 for Kao and we can
define

Letjus abbreviate by E; the predicate in L jcorresponding to 31(54:(1) A 0(x))
and by §., that corresponding to 3x(S.(x) A 0(x)).

The probability we are interested in is

pa’d:ams

PIE (£,) | Sj[t

Notice that 4‘-0 and C]
be expressed by sentences.
This probability can be computed by Bayes theorem
PE(£)) + PIS.(¢)) | E (2)))

3, . PIE,(40)) - Pl

We notice that in this case the

are definable in L 4.

Therefore E, (£;)and Sjlt1

PIE, (2] s;14)))

Se been clearly de-

termined and that it is possible to'estimate and test theo corresponding hypothe-
s!s. For instance, the proportion of patients with disease E( can be estimated
from the actual}frjquency of observed cases of this disease. In a similar way we
con p ear that we can also use other factors for the ac-

ceptanfle of this™hypothesis.” Wor instance, biological knowledge about the disease.

The main difficulties with Bayesian methods in other cases are precisely the

Patterns
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112 ROLANDO CHUAQUI FOUNDATIONS OF STATISTICAL METHODS 113

lack of one or both of these requirements: that there be no clear models for ti
determination of the probabilities or that it be impossible to test the hypothesi
especially that which determines the a priori probabilities. The first of the:
is dangerous because it may happen that in the appropriate model there is no p
ability measure possible to define.

(v) Let tE€T, then
Tt-(o:AETande<Rt),
Tt'TtU{” 5

The other problem, namely the impossibility of testing the hypothesis ( thi}
especially applies to KU which determines the “a priori" probability) is not

crucial. But it greatly diminishes the reliability of the method.

It is clear that if (T, R > is atreeand£€ T , then( T, RPN Tt) and

SRR 7t Y T . Also, the elements of T'o are pairwise incomparable, and,

thus, mome! .
It is to be noted, that according to my model there may be other methods o thusireeressn yingepandedy nis
testing hypotheses besides those based on sampling or frequencies.
DEFINITION 4.3,- Let¢ T,ik ) be a tree and SC T, Then,
5. COMPOUND PROBABILITY STRUCTURES. (1) S s <p - directed 1ff for every x, y € S,there is a z €S, such that

X .
The general notion of a Compound Probability Structure, which will be intre S
duced in this section, includes both models described in the previous sections
models for stochastic processes. I will only describe these structures and
plain how probability is defined for them; the detailed application to stochas
processes is left for another paper.

(i1) S is a component of T iff S is maximal <, -directed (i.e.S is directed
and if SCS8' € T with S'__R -directed, we have S = 8'),

First we generalize «the causal di dence (or ind d: ) expressed by T |

P THEOREM 4.4,
the models discussed so far.

(i) For ev x9S,
(1) 14 S an NS'# Oflen S =8',

DEFINITION 4 .1.- Let R be a binary relation on a set T. Then( T, R) is
causal tree or simply a tace iff the following conditions are simultaneously
tisfied:

(i) R #s a well-founded partial ordering on T.

(ii) For each t€T, RMR* {¢] 1{s a countable well-ordering, A
(ii) Let S and S’ be components of T, x€SNS' andy€ S, Since x, y€ §
and S is directed, there is a z€S such that x, ¢ <p 3 We have to consider two

When Ris a partial ordering, we shall write <, instead of R, x<plf for x
b cases:
1

and x # y, and bt instead of R* {1}, There is no u € §' suck that x<p « . Then S' U {z} is directed hence

t€ ', Sincey 4z, S'V {y}  is<p-directed and y € S'.

2. There is a u € S' with x <p u . Since b 1is well-ordered we have u<p 2
z<p k. We shall prove, first, that z € §',

We have to consider two cases:

2.1. For every u € 8' if x < <pWthen uc p z ., We have in this case that z

{5 the last element of S' U {z} , and, hence that S' U ({z} is directed. Thus 2z
.S,

Atree( T,< g isa generalization of the notion of causal dependence, 'ﬂl
what happens at some £ € T probabilistically determines what happens at a suc
ing AR:t . On the other hand, if £ and & are not comparable according to £
what happ at ¢ is ind dent of what happens at s. I believe it is intuiti
1y correct that causal ordering is well-founded and inversely well-ordered.

or

DEFINITION 4.2,- For trees ¢ T.gk) .(S,_<_p ) we define:

(i) By recursion on ordinals a ,
T' = the set of minimal elements of
=i\ (Té :8Co ).

2.2. There is a u € 8' with x<Ru and ziRu
rected and, hence, z € S',

. Then again, S' VU {z} is di

Now, since y <p 2, S' U {y} is directed and, thus ¥y € S', We have proved

(1) T =V (T : 8 c o} that S 8', Similarly we prove S'

(ii1) ?°= uiTy: BC ol

DEFINITION 4.5.- (F, R ) 1is a causal structure iff the following three
“Ay) 47T, S'R‘ A P) iff TCS, RCP,and :®ET, €S, and & & tonditions are simultanqously satisfied:

implies & (1) R is a relation on U F;

dor 1 ke |abels Labe s are useful?
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BI§,2') v o HIELED.

(2) A~ B iff for some T, T', S, S', h, k we have A~vB (T, T', S, S', h, kJ;

We have that A+B is determined by the isomorphisms of the correspondinl
trees, the equivalence relations 4t and the isomorphisms between the simp
probability structures H ({,1)

THEOREM 4.11

(i) ~ s an equivalence nelation

(ii) 14 A~B (T, T', S S' h h.)

c
AU} ~ Bh*u) (0, A" u
In_pa

a0 ¢ ve that fog ev
B M A i"hlE’“‘ AT v BT )
is,

We now define a measure u on subsets of d which are subsets of 4 for some }'
and invariant under ~. First def1ne on subsets of d_ for a fixed {7

We as«
sume: Fd MAiEﬂefined on subsets of
H (§ E

INITION "4.12.-
B
(1 irst T t )
each ¢ with on on
then ¢+ is the measure on i (§,2)., Notice that

case € TO‘ xlfé, ) = H[ﬂ‘ t) for any §, §' € d .
a=p + 1,
u, is the product measure, ¢ o,
uct measures see Halmos 1950, Chapter VIL)
Define

tken
"y f\S

fon eveny U

Twith UEF we
hdu, M),

Utau
anduﬁx-uﬁr
3 4 €T

8 and & < t) . (For pro

e (A[T,)) = bg, ¢ |ALS2)) d Ty
@ AT,

(This definition is possnb'le provided A[T,| is 1, -measurable, the sets Alf, )’

are “6.4’. -measurable and the function g defined by

alf I~Tt) = ué’t(Alﬁ,tl) isiug - integrable)
(2) o=y o0>0.
tet't. €S aT

£a B,

measure 1 :
g (AS)) = Yim, LQ AT, )]

Let S be a component of Tt and 3 € Yo a sequence cofinal
in a. with ‘tL, < 'tbl < % for all £ < w . Define for A(S) tl

7

(This 1imit exists and 1is independent of the choice of 8( and ti’

beccuu:
my (A(T, >u Al } for all {<uw.)
’t,L‘ (T,) ti+1 i tL 1

Mathematical Logic in Catholic North America, altered book, 2013, pp. 116-117.
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Define up as the product measure,
n Cug ¢ S s a component of T,> .

Define Ut in the same way as for succesor ordinals.

(ii) Definition of u . Let «be the First y such that T'Y =0 (ois called
the length of T). There are two cases
(1) o=8+1. Define u, as thefproduct measure
n (uA : 8 € TB Yoo [~
afconponent of T. Define ug as. in the defini-

then is

Hg,t

”
THEOREM 4.130=" Letz ACH
A~ B we have u.r{A) = up (B)

T BCi,, A and B u- measunable . Then 4§
, and, hence, n(A) = u (B).

PROOF . Let A~ B(T,T',S,S',h,k,G); by 4.11, we have

(*) AT, ~ BT, ) and AT v () for every £ € T,

h(z
We shall prove by induction on o for £t € T o that
(,\(r )) = h(t) (B(T' h[«tl” av:‘ti‘_'.<

"t(A(Tt” = uh[tb(B(T h(t)) )%

\

(0) o=0. Then Ty = kg = g 2o "”""”hm‘l
BT, ,) = B(§', h(t)) for any § € A, §' €B, There are| tﬁ c
hit) [y 4

(i) tes. Then Al§,t) ~g, . Blk(f), h(t]) and he;, 3
T, (ALG21) =, (BlRIS), h(ﬂ? \
(ii) t ¢ S. Then h(t) € S'. Hence

T, (A6 2)] = 1= Ty (BLET, REED.

8y induction hypothesis and (*), we have

%, (A(T ))= “’z(A

utlﬁ(Tt)] SR

j (B(T'h(“)) for/any 4 € TB' s <k,
= TBand.5< £)

=T ¢ ih(A] [B(T’h(“)zh(al € T'Band n(S)<h(z) ¥

(AIT))
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[
TUT,

(General form of Craig's interpolation lemma for first-order languages with
vbtos.)

A DB, then there exists a formula C such that = A-Cand DF C—B,
1

The models & and & ot 4 are completely (elementarily) equivalent if the same
formulas (without vbtos) which are valid in o are also valid in &, and converse~
y.

A consistent theory T is said to be complete if, for any closed formula A, we
have: D?A or l-,i‘lA.

Given the structure & for L, the theory of ¢Z, designated by Th(cl), is the
set of all formulas of L which are valid in & .
Evidently, one has:

THEOREM 27.- 14 T 48 a consistent theory, then T &is complete 44§ any two
models of T are completely equivalent.

THEOREM 28.- Let T be a consistent theory. T is complete i4§ for every model
@ ofT, Tand Th(dl) are equivalent.

A theory T is said to be m-categorical, where m is an infinite cardinal, if
two models of T of cardinal m are weakly isomorphic.

THEOREM 29 (Zos-Vaught).- 1§ T {8 an m-theory having only <inginite models
and T i m-categonical, then T &s complete.

PROOF.- If T is not complete, there is a closed formula A such that T[A] am‘i‘
T[1A ] have models. Therefore, there are two infinite structures of cardinal
y@ and &, such that & is a model of T[A] and & is a model of T[7A]l. Bu

nce T is m-categorical, ol and £ are weakly-isomorphic, which is absurd, be=
cause OL(A)=T and &£(A)=F., =

THEOREM 30.- Suppose that T is an m-theory having inginite models, and that
€ belongs to the Language L of T. Then, T has models of cardinal m which axe
not strongly isomorphic.

PROOF.- If @ =(A,g) is any model of T whose cardinal is m, we can obtain
another model £=(B,h) of T of cardinal m, which is not strongly isomorphic
to &L, by changing the function g(e); this can be done as follows: let D be a
subset of the universe of 0l such that it is not definable in the laguage L ( &),
i. e., there is no formula F of L(0), having at most one free variable, satis=
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fying the condition: 0 =lal OL(Fyla])=T]. Then L is exactly like &, with
the sole difference that if g(e€)(D) = k, we make h(e)(D)= L, with L #k. ®

It is a little tedious to check, but Morley's theorem remains true when normal
vbtos are added to first-order languages. That is to say, if a countable theory
T (with vbtos) is m-categorical for a given uncountable cardinal m, then it is
also m - categorical for any uncountable cardinal m .

The symbol Sp,(T) and the notions of type of an n-tuple of individuals of the
structure o¢ for L , n-type of a theory T, principal subset of S,(T), etc., are
defined as in Shoenfield 1967, pp. 91-92. By the same proof as in that book, we
establish the following proposition:

THEOREM 31.- T i4 a theony and T a non void subset of Sp(T), satisfying the
conditions: 1) T is countable; 2) 14 A is a disjunction of negations of formu-
tas of T, then A is not a theorem of T . Under these conditions, thexe exists an
n-2type K in a cowrtable model of T such that T CK.

COROLLARY.- Any n-type in a countable theory is an n-type in a countable
model of this theony.

An n-ultra filter inT, F, is a subset of Sp (T) such that: 1)FC Sp (T)
but F # S,(T); 2) If A, then A€F; 3) If ABEF, then AABE F; 4)
If A,A=B€EF, then BE F; 5) For any formula A in Sp(T), ASF or 1AEF .

THEOREM 32.- An n-ultra filter F 4n T 48 an n-type in T land any n -type
in T is an n-ultra gilter in T).

PROOF.- Let T' be the theory T to which we have added as new axioms all the for-
mulas Alr,..., r ], where A belongs to F and ry,...,Fp are n new constants.
7' is consistent, because otherwise TA; V .V 1A, , where Aj,...,Ay be-
long to F, would be a theorem of T; but in this case F would be identical to
Sy (T) , which is absurd. Therefore, T' has a model ¢, and if a; = O(ry)eens
a,= airy), then F is the n-type of (a;,..., a,)- ®

THEOREM 33 (Ehrenfeucht).- Let Tand T' be respectively a countable con-
sistent theony and a subset of Sy (T) which & not prineipal. Undex these con-
ditions, there is a countable modet @ of T such that T' &8 not included &n any
n-type of OL.

PROOF.- The proof of Ehrenfeucht's theorem of Shoenfield's book, pp. 90-91, re-
mains valid when vbtos are added to first-order languages. ®
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'vbtos have natural nonstandaﬂ int

VBTOS IN un! ER -ORDER Loeic

n algebraic form) the speciﬁc rela-»
~€ioﬁ§hip"ﬁnen fomulas and terms vmich the vbtos introduce. In one o h

hciety, 40

%

lcylindric
t instead, e l cylin-
the metalogiaffiinterpre-

lgebra of fo
explicitly dé
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Essentially, these conditions embody the logical axioms for vbtos. No other
conditions are necessary, except that additional properties may be adjoined to
characterize, let us say, the description operator or Hilbert's € symbol. All
the basic properties of general vbtos may be derived very simply from (1) and (2),
above.

Details on these questions wiljy appear elsewhere.

HISTORICAL REMARKS.

of Hatcher (in Hatcher 1963).
Soundness and completeness results for particular vbtos have been obtained by
several authors (for instance 1957, Guillaume 1964, Hailperin 1954, Hermes

an, Hatcher and
the present
btos were an-

Herring 1972. These
author. In Druck agl
nounced, though
one here adopted.
Herring 1971.

to be difficult.

1) By means of € or 7 we ¥
tions (see Bourbaki 1966). What

2) To work out the details of thele
atizable (normal and non normal) vbtos.

part of model theory with axiom-

3) To study vbtos in many-sorted 1a

4) To the existential quantifier 3 d sponds the vbto €, such that 3 can
be defined in terms of €. Similarly, to '. generalized quantifier corresponds a
convenient vbto in terms of which the quiBtifier can be defined. Therefore, the
following question seems natural:
To study the vbtos corresponding to the generalized quantifiers (cf. H. J.

Mt/yemaz'cal Log in C’at/foz’c North Amrz’m, ltered book, 2013, pp. 158-159.
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PROOF: Let @ be Vx(x’=1=x=1)= vy 32(y-z%)and Tet ¥ be Wy3z(y=z2)~ yx(x’e
1-+x=1) (these examples are due to Kueker 1973), ® is false in Z and ¥is
false in 2(2), Q.E.D, =

PROBLEM. Is there a 4,-sentence & such that ® is true in all finite groups
but not true in every group with finite central factor group?

Kueker 1973 has shown that (1'any Z,-sentence’ true in every finite abelian
group 44 True {n every finitely generatea avelian group and that hence (2) any
Az-amteuu we in every finite abelian group {4 thue in cevery abelian group.
The analoguous statement for finitely generated FC-groups is false, The following
counter-example arose out of a discussion with G, Cherlin.

LEMMA 6.4, There 48 a Iz-owtulce ¥ twe in all finite groups which is false
4n some finitely gemenated FC-groups of nilpotency class 2.

PROOF. We consider the following sentences:

-
P03 3 3"3((4:)}\13 il x 9l fl)l\(i;‘} 3z:lx‘:"xi,zlﬂ))m *bﬁ& M
dy: Vx) yx, vxg vx‘((l.,zl wysl xi,y]-l)v(z!. vz:l x{'xi,zl =1)), cbmslﬂ'\

B3t VX Wy Vg g (g, Xgl FIAL X530 P10 xg, o) =l x5, %] ),fb\louﬂ"\“’
L )
@ W (xAlael Y Vol 171 -[a,vl =x), P\w hrd

4

@ vx Vy(lx, o A1= yusl x.wlfuz). AMC b w%
e valdy:la, ) #1-yx(yz:( X.ZI-I-'azfxz)).ﬂ.AM'bW nor

4'] is a El-sentence, 02,¢3.04 and 05 are nl-sentences and 05 is a I'lz-sentencea

Since 02 A¢3A¢‘\¢5 is a ﬂl-sentence it is clear that (011«02 A¢3 AO‘AOS)AQG is

a Tl-sentence. Let ® be B A, A DA DA DA D, Then s a 1, -sentence,
Let G be a finite group such that Ghby Ad, A &, A @, A &, Then GMb, means

that G/Z(G) has order at least 4 and GFd, means that G/Z(G) has order at most 4.
Since central factor groups are never cyclic, it follows now that G/Z(G) is the
direct sum of two cyclic groups both of order 2, G/Z(Gj=Z(2) #Z(2), This implies
that G is nilpotent of class 2. This together with GP¢3 implies that the com-
mutator subgroup G' is not only cyclic but even cyclic of order 2, If a is any
non-central element of G, then azel(G) since G/Z(G) has exponent 2, Further azf b
since otherwise Ghb, would fmply a=6'C Z(G), It follows from GRb, s & that a’ has
odd order. There exists hence some x€( a%gZ(G) such that xz-az, whence Ghbs .
This proves that the 22-sentence “® is true in each finite group,
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On the other hand consider H=a,b; [a,b] %=[a,b,al=(a,b,b=D , It is easy to
see that H's{1,(a,b] }CZ(H)=( a® 8(bBo( O, where cela,bl. Put F=(ade( b ,
Then F is free-abelian of rank 2, H/F is the dihedral group of order 8 and H/Z(H)
is elementary abelian of order 4, Moreover HFP, Q.E.D. ®

REMARK. The metaphysic of the proof of Lemma 6.4 is the following, If G
is a%such that G/Z(G)#1 and Z(G)#1 then certain elements of Z(G) arc possi-
bly first-order definable (just by the way how G/Z(G) sits on top of Z(G)gwhich
are not first-order definable in the substructure Z(G) alone. In our case we could
speak in G about the generators of the three direct summands of Z(G), Notice that
this fact is hinted by our Corollary 4.5 (there we could only produce an almost di-
visible 4Mlp. D). We finally emphasize that the finitely generated nilpotent FC-
group H produced in the proof 6 Lemma 6.4 is in a way the smallest possible exam-
ple: the number of generatoyS/of H is the smalles ssibfe number, and the
order of the central factor, is the smallest € number and H' fis as
small as possible. £

LEMMA 6.5 (£) Any
perdodic FC-ghips.

(44) 14 W hotds in
a positive sentence, then

W ho

are locally
increasing
npain-Skolem The-

PROOF. (i): By Theorem 2.0 we know that
finite. A countable dic FC.
sequence of finite s an
orem and the Chang-Ko$§-SusZ¥o The

(ii): Let ® be a
Case 1:H=Z(H). ,Li

has a finite e: ) rphic image B. Since ® 1s. posi-
tive we conclude that Be® (cf, Chang and Keisler 1973, p. 126), If g ii not of

finite exponent, then A=A®Q. Since Q is a homomorphic image of tha nd Q
is elementarily equivalent to an ultraproduct ofl iinite (cf. pri of Lemma

6.2(1)) it follows that @ holds in some finite #1, se 2: HEZIH). Then
H/Z(G) is a locally normal such that H/Z{ . If H/Z(H) is abelian, then &
holds in some finite abelfa 1 (this fol as in case 1). If H/Z(H) s
non-abelian, then there is a fin normal su N in H/Z[H) such that ® holds
in the non-trivial factor*lH/Z(Hl)/CW“H) which is finite, Q.E.D, ®

REMARK. Similarly as above one can i)rove that nz-um:zncu which are true
in all inite nilpotent (soluble) Q ane thue in all Locally-nilpotent (Lo-
cably-sotuble) tonsion @iige. Notice that these JGNES are locally-finite.

In view of thi sults obtained so far we may say that the first-order theory
Th(FC) of all FC is not so far removed from the theory Th(Fin) of all fi-
nite , and thC) is rather distinct from the theory Th(G) of all

e theories Th(FC), Th(BFC) and Th(F-G/Z) seem to be very close to each
other. In the sequel we are concerned with these theories.

Following M. Hall, Jr. and J.K, Senior a-G is called capable if there is
a’:u such that G=H/Z(H). g

% n
Let G be a pagggubsfor some prime p. An element g<G has height n if a=h?  for

Mathematical Logic in Catholic North America, altered book, 2013, pp. 178-179.
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(€) 14 A=FCZ (A) and if B 4is finite, then ANB=FCZ , , (AnD),

(&) #3 is FC-hypercentral if and only if A is FC-hypercentral and B i
finite,

(444) e 48 FC-nilpotent if and only if A is FC-nilpotent and B is finite,

COROLLARY 7.4. Let A and B be p-groups (for the same prime p) such that B
fénite and A s an FC-aroup. T{ m 48 tze nilpotency class of B, then ANB (s h -
central and l'\-B-Zw,mlM.s). i : i

PROOF. By Theorem 7,2 the base group A8 coincides with the FC-centre of
/8, Since A is locally finite by Theorem 2,1. (vi), AA8 1is a locally finite p-
group.Hence FCZ(AVv8)CZ, (AVB) by a theorem of McLain (cf. Robinson 1972, Theorem

4,38). Our claim follows fromms/kass, Q.E.D, ®

We shall apply these results on wreath products in the next section to solve a
Q-qronem of Baldwin on locally nilpotent stable groups. We shall briefly outline
e_some other uses of wreath products.

LEMMA 7.5. For any given group H there exists a group G and some g€G such

that Cglg)a5 and 6/Cylg)= H.

PROOF. Let A£1 be any abelian group and let G be the restricted wreath prod-

duct, G=/A4. If a€A then let 5, be the function bglx)=a iff x=1 and Ga(xl =1
otherwise. 1t follows readily that for any 1facA, Col(s,,1))=((4,1); geally =
u Al AG and hence G/CG('ca.l),HH,Q.E.D. -
Lo

Notice that in contrast to Lemma 7.5 not every group H appears as the central
factor group of some group (cf. Beyl, Felgner and Schmid 197+). Similarly not eve-
ry group H appears as the commutator subgroup of some group G,

Lemma 7.5 can be used to prove the undecidability of the ls'-order theory of
-groups and some other related classes of groups.

-
THEOREM 7.6. (£{) For each positive integer m: zthe 1% onder theory of all
groups G such that |G/Z(G)|<m is decidabie,

(073]

The 1% orden theory of all groups with §inite central factor group 4
ecidable,

§273)
(£v)

The §irst-order theony of all BFC-groups <4 undecidable.
The {irst-onder theory of all FC-groups 48 undecidable.

PROOF. (i) is immediate from Szmielew's result that the l“-order theory of
abelian groups is decidable and the fact that there are only finitely many groups
of order <m, (ii), (ii1) and (iv) are immediate consequences of a rather deep
theorem of A. Cobham which states that the 1St-order theory of all finite groups,
Th(Fin), is hereditarily undecidable (cf. Vaught 1960). A proof of this result is,
however, not yet published, Therefore we shall give here a short proof of (i),
(i11) and (iv) based on a (published) result of A,I,Mal'cev,

(i1): If p is any odd prime, then the ISt-order theory of all nil-2 groups of
exponent p with finite central factor group coincides by Corollary 5.7 with the
1st-order theory of all finite nil-2 groups of exponent p, The latter was shown
to be undecidable in Mal'cev 1961, Since the class of all nil-2 groups of expo-
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nent p with finite central factor group is 15t order definable in the class of all
groups with finite central factor group our claim readily follows,

(441) and (iv): Let u be a variable which is not in the language £ of group
theory. u is fixed throughout in the sequel. If £,, ¢, are terms of £, then let

' faf a0, (o)faf, (o)fs v

(£2))* be Jwluusww  tywety)., Put (A WF"AW, (10) » (v v
etc, Let 6 (u) be the formula yx vy(xu-u.x~xyu-u(x‘!)). Then @(u) means that
CG(u)gs. Since [G: CG(g)] is finite for all g in the FC-group G, it follows from
Lemma 7.5 that for any £ -sentence ®:

®eTh(Fin) = yule(w ~a*) e Th(FC).

Thus the undecidability of Th(Fin) (Mal'cev 1961) implies the
of Th(FC) (and similarly that of Th(BFC)), Q,E.D. =

undecidability

REMARK. If H is a nil-2 group of exponent p and if A is cyclic of order p,
then G=A\H is 3-step soluble of exponent p“. By the argument given above we may
therefore state the following stronger result: Let p be an odd prime. The §irst-
onden theory of all 3-step soluble FC-groups of exponent p2 s undecidable (anal-
oguously for BFC-groups).

§ 8. CATEGORICITY AND STABILITY,

We are concerned here with questions about X -categorical, Nl-categorical and
stable FC-groups. As usual, a structure dtis called stable if the 15 order the-
ory of L is k-stable for some «x (cf. Sacks 1972), Rl-categorical theories are w-
stable, and u-stable theories are x-stable for all x (M. Morley). The following
Lemma is more or less well known.

LEMMA 8.1. (&) Np-categorieal Fc-gﬁ.'oupA ane BFC-groups.

T. C.: No, that’s not the point. Let me clarify. All these groups— onty i@ 6/2(6)
44 women, Puerto Ricans, whatever others—they're not all the same: there | N
. are arguments g , arg! g urban ethnics, and
those arguments are where the politics are.| ~ \
P T 'P\‘ (1) is a direct consequence of the Engeler Ry11-Nardzewski, Sveno-
nius ¥I?goren‘(?c)f Chang and Keisler 1973, Theorem 2.3.15).

ii): Let G be a x-stable FC-group, Relatirization to Z(G) shows that z(6)
is xfst:ble. The finiteness of G/Z(G) follows from J, Baldwin's Lemma that the
lattice of centralizers of a stable group satisfies the descending chain condition
(cf. Felaner 1978, Gorollary to Lemma 4).

In order to prove the converse let G be such that G/Z(G) is finite and Z(G) is
v-stable. Lét X be a subset of G of power «, and assume, if possible, that the
set Sl(X) of 1-types of G over X has power >x . Llet T be a transversal for the
cosets of Z(G! in G and Ux,y)-t(xy)'lrlxh(y) (for x,y €H=G/Z(G}). Then G=E(Z(G),
H,4) by an isomorphism which leaves Z(G) pointwise fixed and induces the identity
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gatfon, Together with a factor set §:FxF-=A the group G is uniquely determined by
the R-module AR and §, thus G-E(AR,F,ﬂ). By a result of Baur and Fisher every mo-
dule has a stable theory, Similarly as in Lemma 8,1, it therefore follows that G

is stable 2.0 -,)
LEMMA There ane stable Locally-finite p-groups which are hypercentral

but not nilpot <

PROOF.L/e?K be any infinite abelian p-group such that the orders of . the
elements qf K are not bounded by some positive integer (e.g, K=Z(p™)), Let H be
any finite p-group (e.g. H=Z(p)) and consider the restricted wreath product 6=
KnH, Thui G is the split extension of the abelian p-group by the finite p-
group H., iTherefore G is a locally-finite p-group and G is hence locally-nilpotent.
Since K'k and G/K"*H is finite, it follows from (*) that G is stable. By the-
oren 7.2, K" is the FCofhtre of G and G is he By a result of
McLain (cf, Robinson 72. Co Iary 1 to Th M 131) G s hyper -
central, Baumslag;eo m f slag 959, p, 225) G {is not nilpotent,
Q.E.D. =

REMARK In conne tion j th u;‘}: ;'b‘ blem we should mention that a
stable gnaup‘oa expon p 48 ndpotent. In fact the stability implies that the
lattice of an cen;_r the group is hence soluble by

Baldwin and §nx1 The claim fol'l from a thé m of N.D. Gupta (cf. Robinson
1972, Volume II, Theorem 7 % thenithe hypothesis in another di-

rection we obhln that X, groups of finite exponent are
nilpotent, (Mal'cev p s are locally nﬂpotent ) To
see this, wo' with the connecte subgrow 6% and the fact that G° has finite
It follows that G° is nilpotent, The nilpotency of G then
Baumslag 1959, Lemma 3,8, Q.E.D, =
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